LIFSHITZ TAILS FOR ALLOY TYPE MODELS IN A 
CONSTANT MAGNETIC FIELD 
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Dedicated to the memory of Pierre Duclos. 

Abstract. In this paper, we study Lifshitz tails for a 2D Landau 

^^ ' Hamiltonian perturbed by a random alloy-type potential constructed 

^N I with single site potentials decaying at least at a Gaussian speed. We 

{3JQ. prove that, if the Landau level stays preserved as a band edge for the 

^ ' perturbed Hamiltonian, at the Landau levels, the integrated density of 

<^ ! states has a Lifshitz behavior of the type e" '"^^^ \E-2bq\_ 

^n 

r\\ • Resume. Dans cette note, nous demontrons qu'en dimension 2, la den- 
site d'etats integree d'un operateur de Landau avec un potentiel aleatoire 

■ ■ , non negatif de type Anderson dont le potentiel de simple site decroit au 

r^ • moins aussi vite qu'une fonction gaussienne admet en chaque niveau de 

^> ' Landau, disons, 2bq, si celui-ci est un bord du spectre, une asymptotique 

^ '. de Lifshitz du type e~ '°s^ \E-2bq\ 
-4— > 



^ , 0. Introduction 

> ■ 
pg ■ On Cg°(M ), consider the Landau Hamiltonian 

So : ^0 = Ho{b) := {-iV -Af-b 

. • I where A = ( — |^, -^) is the magnetic potential, and 6 > is the constant 

(^ ' scalar magnetic field. Hq is essentially self-adjoint on C^(M^). It is well- 

^D . known that (j{Hq), the spectrum of the operator Hq, consists of the so- 

called Landau levels {2bq; g € N = {0, 1, 2, • • • }}; each Landau level is an 
eigenvalue of infinite multiplicity of Hq. 
k> ', Consider now the random Z^-ergodic alloy-type electric potential 

Cd I V^{x) := y^ uj,yu{x — 7), X G M 

7ez2 

where we assume that 

• Hi: The single-site potential u satisfies, for some C > and xq G M^, 
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-^l{xeR^;\x-xo\<i/C} < u{x) < Ce 1^1'/^. 

• H2: The coupling constants {co-y} ^2 are non-trivial, almost surely 
bounded i.i.d. random variables. 

These two assumptions guarantee V^j is almost surely bounded. On the 
domain of Hq, define the operator H^^ := Hq + V^. The integrated density 
of states (IDS) of the operator H^^ is defined as the non-decreasing left- 
continuous function 7\A : R ^> [0, 00) which, almost surely, satisfies 



/ ^{E)dM{E) = hm R-^ Tr (1a^^(/7)1a^) , V(/. G Q 



0~( 



R R\^ 



Here and in the sequel, A/j := (— -f , -f ) and Iq denotes the characteristic 

function of the set O. 

By the Pastur-Shubin formula (see e.g. [9, Section 2]), we have 

ip{E)dM{E) =E{Tv {1aMH)1a^)) , V^ G C^{R), 

where E denotes the mathematical expectation with respect to the random 
variables (oj^)^. Moreover, there exists a set S C M such that a{H^) = S 
almost surely. S is the support of the positive measure dM. The aim of 
the present article is to study the asymptotic behavior of N near the edges 
of S. It is well known that, for many random models, this behavior is 
characterized by a very fast decay which goes under the name of "Lifshitz 
tails". It was studied extensively (see e.g. [6, 9, 4] and references therein). 

In order to fix the picture of the almost sure spectrum a{Hi^), we assume: 

• H3: the common support of the random variables (uj^)^^^2 consists 
of the interval [a;_,a;+] where ui- < ui^ and a;_a;+ = 0. 

• H4: M+ - M_ < 2b where 

±M± := ess-sup sup (±V^(rE)). 

Assumptions Hi - H4 imply that M^M^ = 0. It also implies that the 

00 

union M [2bq + M_, 2bq + M_|_], which contains S, is disjoint. Let W be the 

q=0 

bounded Z^-periodic potential defined by 

W{x):= ^^uix-j), xGM^ 
7ez2 

On the domain of Hq, define the operators H^ := Hq + uj±W. It is easy to 
see that 

a{H') C U'^^oi'^bq + M.,2bq], a{H+) C L}^^o[2bq, 2bq + M+], 

and 

a{H-)n[2bq + M_,2bq]^^, a{H+) n[2bq,2bq + M+] ^ ^, Vg G N. 

Set 

E- := mm{da{H-)n[2bq+M.,2bq]), S+ := max{dcr{H^)n[2bq, 2bq+M+]). 
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The standard characterization of the almost sure spectrum (see also [G, The- 
orem 5.35]) yields 

oo 

^=[j[E^,E+], E^<E+ 

q=0 

i.e. S is represented as a disjoint union of compact intervals, and each 
interval [E~,E^] contains exactly one Landau level 2bq. Actually, one has 
either E~ = 2bq or E^ = 2bq; more precisely E~ = 2bq if oj^ = and 
E+ = 2bq if 0J+ = 0. 

In Theorem 2.1 of [5], the authors describe the behavior of J\f{2bq + E) — 
N'{2bq) when E tends to while in S. Under the assumption that u does not 
decay as fast as in assumption Hi , they compute the logarithmic asymptotics 
of the IDS near 2bq. Under assumption Hi, the authors obtained the optimal 
logarithmic upper bound and a lower bound that they deemed not to be 
optimal. In our main result, we obtain the optimal lower bound, thus, 
proving the logarithmic asymptotics. 

Theorem 1. Let 6 > and assumptions Hi - H4 hold. Assume that, for 
some C > and k > 0, 

(1) Pdwol < ^) ~ CE", ^40. 

Then, for any g € N, one has 

j.^ \n\\n{N{2bq + E)-M,{2bq)\ ^ ^ 
^ ' s™ In I In £1 

Thus, Theorem 1 states that, at the Landau level 2bq, when it is a spectral 
edge for Hq, the IDS decays roughly as e~^°s \E-2bq\_ This decay is faster 
than any power oi\E — 2bq\. This explains why we name this behavior also 
Lifshitz tails even though it is much slower than the Lifshitz tails obtained 
when the magnetic field is absent (see e.g. [6]). 

In [5], the upper bound in (2) is proved under less restrictive assumptions; 
indeed. Theorem 5.1 of [5] states in particular that, under our assumptions, 

ln|ln(AA(25g + ^)-A4(26g)l ^ 

limsup — - — — < 2. 

Eio hi\\nE\ 

So it suffices to prove 

(3) „^,„,ln|lnW2i„ + £)-Ar>(2t,)|^^ 

EiQ In jln£^| 

The improvement over the results in [5] is obtained through a different ana- 
lysis that borrows ideas and estimates from [1]. The basic idea is to show 
that, for energies at a distance at most E from 2bq, the single site potential 
u can be replaced by an effective potential that has a support of size ap- 
proximately I log-Ep'^ (see section 2 and Lemma 3 therein). This can then 
be used to estimate the probability of the occurrence of such energies. 
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1. Periodic approximation 

Assume that hypotheses Hi— H4 hold. For the sake of definiteness, from now 
on, we assume that a;_ = 0. So, for q G N, we have E~ = 2bq. Moreover, (1) 
becomes P(0 < wq < ^) ~ CE'' foiE>0 smaU and P(0 > wq > -E) = 
for any E > 0. Up to obvious modifications, the case a;+ = is dealt with 
in the same way. 

We now recall some useful results from [ ;]. Pick a > such that ^ € N. 
Set L := (2n + l)a/2, n € N, and define the random 2LZ^-periodic potential 

(4) y^p-(x) = y£::(x) := Yl (K.1a.J(x + 7), xeR'. 

7G2LZ2 

For (7 S N, let Hq be the orthogonal projection onto the {q + l)-st Lan- 
dau level i.e. the orthogonal projection onto Ker{HQ — 2bq). Consider the 
bounded operator IlgVl^^Ilq. It is invariant by the Abelian group of mag- 
netic translations generated by 2LZ^ (see section 2 in [5]). Hence, ligV^^^Uq 
admits an integrated density of states that we denote by Pg,L,uj{E) (see [5]). 
In [5], we have proved 

Theorem 2 ([5]). Assume that hypotheses Hi — H4 hold and a;_ = 0. Pick 
q € N and 77 > 0. Then, there exist 1/ > 0, C > 1 and Eq > 0, such that for 
each E G (0, Eq) and L > E"^ , we have 

E {pq^LAE/C)) - e-^"" < N{2hq + E) - M{2hq) 

<^{pq,LACE)) + e-''~\ 

As Pq,L,ujiE) is the IDS of the periodic operator HqVl^^Hq at energy E, it 
vanishes if and only if a{IlqVl'^^Ilq) n (— oo,£^] / 0. Moreover, Pq^L,uj{E) 
is bounded by CL'^ where the constant C is locally uniform in E (see [5]). 
Thus, we get that, for some C > 0, 



(5) E{pq,LAE)) < CL^F(^a{UqV^Uq) n {-00, CE] + 

Then, the estimate (3) and, thus. Theorem 1, is a consequence of 

Theorem 3. For rj G (0, 1), there exists C^ > such that, for E sufficiently 
small and L > 1, one has, for almost all uj, 

(6) el '"s^l'"" '°s I '°s^ll liqVlZliq 



> 



inf y a;J _e-ii°gi^r-VC. 

l/3-7l<|logS|(i-'))/2 



n,. 



The proof of Theorem 3 relies on Lemma 3 which shows that, at the expense 
of a small error in energy, we can "enlarge" the support of the single site 
potential u. Lemma 3 is stated and proved in section 2. 
Let us now use Theorem 3 to complete the proof of (3) and, thus, of The- 
orem 1. Pick L >; E~'^ , v given by Theorem 2 and fix r/ G (0, 1) arbitrary. 
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Thus, by Theorem 2, (5) hnphes that, for E > sinah, 

(7) M{2bq + E)-M{2bq) 

< CL'^F (^a{n,V^Ug) n (-00, CE] / 0) + e"^"". 

Using (6), as the random variables (;^^)^g22 are i.i.d., for E > small, we 
compute 



< P inf 
(8) l7GA2Lnz2 



.l/3-7l<|logS|(i-'))/2 



\|/3|<|log£;|(i-'7)/2 

Recall that, by (1), as w_ = 0, one has P(0 < ujq < E) r^ CE"" and 
P(0 > ojQ> —E) = for E > Q small. Hence, by a classical standard large 
deviation result (see e.g. [2]), we obtain that 

J^|<|log£'|(i-';)/2 / 

Thus, as L X E^"" , this, (7) and (8) yield, for E > ^ small, 

N{2hq + E)-M(2hq) < C^e-ll^g-^l'''"/^". 

As this bound holds for any r] > 0, we obtain (3) and, thus, complete the 
proof of Theorem 1. D 

2. The proof of Theorem 3 

Recall that, for g € N, 11^ is the orthogonal projection on the eigenspace 
of Hq corresponding to 2bq, the (q + l)-st Landau level of Hq. We recall 

Lemma 1 ([7]). Pick p > 1 and let V € L^(M^) be radially symmetric. 
Let {^q^k{y))k<m be the eigenvalues of the compact operator UgVIlq repeated 
according to multiplicity. 
Then, for /c G N, one has 

fJ'q,k(y) = {yVg,k,Vq,k) 

where 

• the functions ipq^^^ are given by 

^q,ki^) ■■= V ^ (^) (XI + ^X2)'~''Lf"'^ (6|x|V2) e-^l^lV^ 

for X = (xi,X2) € M^, 

• Lq '^ are the generalized Laguerre polynomials given by 

^t''\0--= E ( !;)^' e>o, qen, ken, 

l=ma.x{0,q-k} ^ ^ 
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• (•, •) denotes the scalar product in L'^{M?). 

Finally, for fc € N, a normalized eigenf unctions of ligVUg corresponding to 
the eigenvalue f^q^k(y) is equal to (fg^k- I''^ particular, the eigenf unctions are 
independent of V . 

We denote by D{x, R) the disk of radius i? > 0, centered at x G M^. We set 
i^q.k{R) '■= fJ'q,ki^D(o,R)) where 1a is the characteristic function of the set A. 

Lemma 2. Fix g G N. Define g = g{R) := bR^/2 and 



(9) 



^LiR) 



e~eg-q+l+k (/, _ p^2q~l 



q\ k\ 

Pick P G (0, 2). Let f : [1, +cx)) -> [1, +00) be such that 
(10) A;29-i/-29(fc) + A;/-/5(A;) ^ 0. 

fc— >-+oo 

Then, there exists k^ > 1 and C > such that, for k > ko. 



(11) 



sup 
R>0 

e{R)<k~.f{k) 



^q,k{R) 



<k{R) 



<c(S^^ 



k 



Kf^'^ik) fP+^{k) 



This lemma is an extension of Corollary 2 in [1] to a larger range of radii R. 

Proof of Lemma 2. By Lemma 1, passing to polar coordinates (r, 0) in the 
integral {'i-D{o,R)^q,k, ^q,k) and changing the variable br'^/2 = ^, the eigen- 
values Vq^k{R) of the operator Yiql£,(pji^Yiq are written as 

,1 re 



k\ 



^iAR) = i; e ^^t'\0 e-^dt 



For q = 0, we have 



k\ 



(12) ^,,(R) = l.J\f'e-^d^ 

Now, using a Taylor expansion at and the concavity of t 1-^ pt + klog{l — t), 
write 

Jo J{k~p)-ti/-i 

e 

+ O ie-'^'-"^'-"' 



-i.k^P)t(^l + 0{k{k-p)-^)^dt 



1 



k — p 



+ 



k 



(k-p) 



/3+1 



This and (12) yields (11) when q = 0. 

Consider now the case g' > 1. For some Cq > 0, one has 



(13) VA; > 1, sup 

sG{0,. ..,<?} 



k'^'^i ^ ]{q-s)l-l 



< 



Ca 
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In order to check (11), we assume that k > q. In this case, using (13), we 
compute 

= V{k,q) + R{k,q) 
where 

V{k,q) = T^y (-l)'+"f^V'^ V''"'"" r 6-^^-1+^+' d^ 
(15) ^'«'/,^o V^^Vm; 7o 



k\q\ Jo 



and 

r*,. 1 ^ /r,\ / n \ „ . re _ , , , 

a 1 



(16) ^™=o ^ / ^ ^ 



< -"'? 



^^W- Jo 



k kl 
For p < k — f{k), using (10), one computes 



(17) 



\R{k,q)\ 



/fc^-?- 



1 



< C-^— - ^ 0. 



Vik,q) 
On the other hand, as in the case g = 0, we have 



[' e-^''-^ {k - if'' di = e-Pp^-^^^{k - pfn{k, p) 
Jo 



d^. 



where 

The function t ^ pt+ (k — q) log(l — t) + 2q log I 1 H 1 I is concave on 

V k- p J 

[0, 1] and its derivative at is 

p-k + q + 2qp/{k -p) = {p-k){l + 0{k{k - p)-2)) . 
Hence, as in the case g' = 0, we obtain that 



k-p \{k-py+\ 

Plugging this into (15), using (17) and (16), and replacing in (14), we ob- 
tain (11) for q > 1. 
This completes the proof of Lemma 2. D 

We will now use Lemma 2 to derive the "enlargement of obstacles" lemma 
for the Landau- Anderson model; we prove 

Lemma 3. Let g G N and fix b > 0. Fix e > 0. There exists Co > and 
Rq > 1 such that, for each R> Rq, 

(18) Uginio,e)^, > e-^°^'i°g^ (n,l^(o,R)ng - e-^'/^«n,lB(o,2R)n,^ 
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This lemma is basically Lemma 2 in [1] except that we want to control the 
behavior of the constants coming up in the inequality in terms of R. 

Proof of Lemma 3. We fix (^ € (0,1). Recall Lemma 2, in particular (11) 
and (9). Pick C > 2h and set fco = kQ{R) := CR^. Let / satisfy (10). 
Hence, there exists i?o > such that, for R > Rq and k > ko = ko{R), one 
has k — f{k) > p{R). Thus, Lemma 2 implies that, for R G [R/2,2R], one 
has 

^^ e-^(^)g{R)^-'^^Hk-p{R)r'-' . .5^ 
(1 - ^) a^ k^ - ^'?.^(^) 

(19) ^• 

^, e-^(^)g(i?)^~'^+MA:-/^(i?))^''-^ 
- (' + ^) ql k\ • 

We show that, ii R > Rq, then, the operator inequality 

(20) UqlD(^Q,;-)Uq > Ci (ngl£,(o,_R,)ng - C2^q'^D{0,2R)^q) 

holds with the following constants: 

(21) C,:= min ^ ^^ > -^e^^^^^^^^^ ; 

the lower bound holds for sufficiently large R and, as k^ = CR?, is 
a consequence of (9) and (11) written for Vq^ki^)] 

the upper bound holds for sufficiently large R and follows from /cq > 
p(2i?). 

By Lemma 1, the operators IiqlD{o,e)^q, ^q^D{Q,R)^q, and Iiqlc,(^Q^2R)^q, 
are reducible in the same basis {v^g.fcjfceN- Hence, in order to prove (20), 
it suffices to check that, for each A: € N, the following numerical inequality 
holds 

(23) Vq^k{e) > Cl il^q,kiR) - C2,q ^q^'^R)) ■ 

lik< ko, then (23) holds as z/g,fc(e) > CiUq^k{R) by (21). As k^ < CR^ for 
C > 26 and p = hR^ /2, or k > ko, one has c{k-p{2R)) > {C-2h){k-p{R)). 
Thus, by (19) and (22), we have 

?(^)f3(i2)-«+i {k - p{R)f'i~^ q{R)^ 



l^q^R) - C2,qVq,k{2R) < {I + 5)- 



q\ k\ 

2q-l 



\ l±±n-2{ko-q+i)^-e{R)+e{2R) ( C{k - p{2R)) \ 
\l-5 \{C-2b){k-p{R))J 

-e(2i?)^(2fl)-«+i {k-p{R))^i-^Q{2Rf\ 
^(' - ^^ ql kl ) 

(1 + ^ f-'^^''Hk-p{R)r''^g{2R)'-''^\ j(q^,, ^^^2k _ 2-2.0 
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Hence, we find that Vg^kiR) ~ C'2Z^g,/fc(2i?) < if fc > ko, whicli again implies 
(23). This completes the proof of Lemma 3. D 

We now prove Theorem 3. 

The magnetic translations for the constant magnetic field problem in two- 
dimensions are defined as follows (see e.g. [S]). For any field strength 6 E R, 
any vector a G M^, the magnetic translation by a, say, U^ is defined as 

The invariance of Hq with respect to the group of magnetic translations 
(f^a)agZ2 implies that, for 7 G Z^, one has 

(24) u^nginio,e)iigU'_^ = n,iB(^,,)n,. 

Hypothesis Hi on the single-site potential u guarantees that there exists 
e E (0, 1/2) so that V^j > /^ w^l/j^^^g). Plugging this into (4), we get 

7ez2 

(25) VE-> Y. Y. ^P^Di,+M- 

Fix r] G (0, 1) and pick R x | logE'p"'')/^. Lemma 3 and (24) imply that 

Hence, as the random variables {uj'y)y^z'^ are bounded, this and (25) imply 
that 

762LZ2/3eA2LnZ2 
7e2LZ2 /3gA2LnZ2 

7e2LZ2/3eA2Lnz2 

^n^ E E '^/^ E i|x-H<i/2n, - Ce-^'/^«i2'n, 

7G2LZ2 /3GA2z,nZ2 |,^_^_^|<k/2 



\ \l/3-7l<i?/2 / / 

Taking into account R x | logE'p"'''", this completes the proof of Theo- 
rem 3. 
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